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Multidisciplinary design optimization of solid-fueled multistage space launch vehicles requires complex high-

dimensional simulation models. To improve on the ability to efficiently explore and approximate large subspaces of

these models, this research develops a new set of experimental designs for metamodeling with support vector

regression. We propose to Latinize and improve the orthogonality of Hammersley sequence sampling for creating

nearly orthogonal and excellent space-filling designs. Multiple measures are used to assess the quality of designed

experiments. The designs are used to create metamodels of trajectory simulation of space launch vehicles using

support vector regression. A hybrid genetic algorithm uses metamodels to identify minimum-launch-weight space

launch vehicles. This approach resulted in an overall rapid and efficient design optimization scheme.

Nomenclature

Ae = nozzle exit area, m2

At = nozzle throat area, m2

A� = inlet area ratio of the nozzle, Ainlet=Athroat

Al = percentage of aluminum powder in the grain
C = rank correlation matrix ofW, penalty parameter

of the error term
Cf = coefficient of thrust
C� = characteristic velocity, m=s
D = diameter of the rocket motor, m
d = Euclidean distance
dt = nozzle throat diameter, cm
Fi = thrust of the ith stage, N
H = Hadamard matrix
Isp = specific impulse
Io1sp = ground specific impulse
Ivacsp = vacuum specific impulse
K = kernel function
k = number of factors or variables
ks = propellant-grain-shape coefficient
L = stage length, m
Lgi = grain length, m
M = dimension of samples (number of variables)
ML2 = modified L2 discrepancy
mapi = attachment-part mass of the ith stage, kg
mcabi = cable mass of the ith stage, kg
mcyi = motor cylinder mass of the ith stage, kg
mc1, mc2 = motor dome-ends mass, kg
mgni = propellant mass of the ith stage, kg
_mgni = grain-mass-consumption rate of the ith stage,

kg=s
mig = ignitor mass, kg
min;cyi = cylindrical-section insulation-liner mass, kg
min;c1, min;c2 = fore and aft insulation-liner mass, kg

mj2i = aft attachment mass of the ith stage, kg
mnoz;ec = nozzle expansion-cone mass, kg
mnoz;in = nozzle insulation mass, kg
mnoz;sh = nozzle spherical-head mass, kg
mqi = fore and aft skirt mass of the ith stage, kg
mstri = structure mass of the ith stage, kg
mTVC = thrust-vector-control mass, kg
m01 = takeoff mass of the space launch vehicle, kg
m0�i�1� = takeoff mass of the upper-stage rocket, kg
N = number of samples or number of points in the

design matrix, number of stages
n = number of runs, number of levels
p = integer number
pc = chamber pressure of the rocket motor, bar
pe = nozzle-exit-plane pressure, bar
ph = atmospheric pressure at height h
p0 = atmospheric pressure on the ground
Q = lower triangular matrix of size k � k
R = radix notation
Rc = gas constant, J=kg �mol � K
Rsub = submerged ratio of the nozzle, lsub=lnozzle
Ru = curative radius of the nozzle, mm
r = kernel parameter
Sri = burning surface area of the ith stage, m2

Tc = temperature in the combustion chamber, K
tki = burn time of the ith stage, s
ui = burning rate of the solid rocket propellant of the

ith stage, m=s
W = design matrix of size n � k
w = vector
X = design matrix
xi = training vectors
xM�p� = Hammersley sequence ofM-dimensional points
� = nozzle half-divergence angle, deg
� = specific heat ratio of burned gas, kernel

parameter
" = nozzle expansion ratio
�Ioa = ground impulse efficiency
�Iva = vacuum impulse efficiency
�v = volumetric loading fraction
�p = propellant mass fraction
� = vector, support vector control parameter
� = maximum pairwise correlation
�gni = propellant density, kg=m3
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� = specific-heat-ratio function
�g = trajectory shaping factor, deg
��p� = inverse-radix-number function
 n = smallest singular value of XTX
 1 = largest singular value of XTX

Subscripts

c = motor chamber
e = nozzle exit
gn = propellant grain
i = stage numbers 1, 2, and 3
t = nozzle throat

Introduction

T HE goal of this research is to provide new experimental designs
and develop effective approximation metamodels that can

enable analysts and designers to conduct more thorough
investigations of complex simulation models. Conceptual designs
of space launch vehicles (SLVs) cannot be conducted without the
cooperation of numerous disciplines, including several analysis
technologies: aerodynamic analysis, heating analysis, structural
analysis, propulsion analysis, trajectory analysis, controls analysis,
cost analysis, operations analysis, and so on. It is necessary to make
good use of the analysis technologies in the various disciplines and to
apply design optimization techniques. The application of
optimization methods to multidisciplinary analysis is referred to as
multidisciplinary design optimization (MDO) [1]. Many practical
MDO methods have been widely applied in aerospace for overall
designs of aircraft and space transportation vehicles [2]. Several
analysis and design tools and integrated computer software have
been proposed for space transportation systems [3,4].

Design and analysis are complementary activities. The design
must support the desired analysis, and the analysis should derive as
much information as possible from the allotted runs. Conducting a
comprehensive experimental design on various intricate simulation
models required forMDO involving high-dimensional input space is
prohibitive. Despite the steady and continuing growth of computing
power and speed, the computational cost of complex high-fidelity
engineering analyses and simulations limit their use in important
areas such as design optimization and reliability analysis. Statistical
approximation techniques such as design of experiments (DOE) and
response surface methodology (RSM) are the widely acknowledged
solutions to minimize the computational expense of running such
computer analyses and to circumvent many of these limitations.

Metamodeling is the process of building a “model of a model” to
provide a fast surrogate for a computationally expensive computer
code. A variety of metamodeling techniques have been developed in
the past decade to reduce the computational expense of computer-
based analysis and simulation codes. Reference [5] compared five
experimental design types [Latin hypercube, Hammersley sampling
sequence (HSS), orthogonal arrays, uniform designs, and randomly
generated points] and four approximation model types (polynomial
response surface, kriging, radial basis function, and multivariate
adaptive response regression) in terms of their capability to generate
accurate approximation for two engineering applicationswith typical
engineering behavior and a wide range of nonlinearity.

Classical DOE approaches such as central composite design,
Box–Behnken design, and full- and fractional-factorial designs
generally put sample points at the extremes of the parameter space. In
modern DOE, the space-filling designs such as quasi Monte Carlo
(MC) sampling, orthogonal array sampling, and Latin hypercube
sampling (LHS) are more commonly employed to accurately extract
trend information. It is possible to exploit parallel computing, either
on a multiprocessor computer or over a network, to compress the
wall-clock time needed to complete the set of simulations prescribed
by a DOE method.

Orthogonal arrays are an attractive class of sparse designs because
they provide balanced (full factorial) designs for any projection into k
factors. However, when these designs are projected into one

dimension, points do overlap.Meanwhile, the classical experimental
designs, in general, do not exhibit good projection capabilities,
yielding several overlapping points when projected into two
dimensions. However, Latin hypercube designs are better than
classical designs at projecting into single dimensions.

One of the most widely used techniques for sampling is the MC
sampling technique. Traditionally, MC has been applied to generate
the samples of the stochastic variables. However, MC methods can
result in large error bounds and variance. Of the numerous space-
filling designs that exist, random Latin hypercube, random
orthogonal array, maximin Latin hypercube, orthogonal-array-based
Latin hypercube, uniform, orthogonal hypercube, and Hammersley
sampling sequence are commonly used [6].

Reference [7] created an orthogonal Latin hypercube (OLH) that
preserves the orthogonality among columns while attempting a good
spread of points throughout the design space. The orthogonality
guarantees that the quadratic and interaction effects are uncorrelated
with the estimates of linear effects. It is worth noting that the
orthogonality of these designs does not depend on the numerical
values of the levels, hence new OLH designs can be computed by
permuting the numerical values or reversing the signs of the columns.
The OLH designs are constructed by purely algebraic means without
the aid of computers; however, [7] does provide an algorithm to
search for optimal OLH designs based on different selection criteria
(minimum entropy and maximin spacing based on either Euclidean
or rectangular distance).

Latin hypercube techniques are designed for uniformity along a
single dimension in which subsequent columns are randomly paired
for placement on a k-dimensional cube. Recently, an efficient
sampling technique, the HSS, was developed in [8], which uses an
optimal design scheme for placing the n points on a k-dimensional
hypercube. This scheme provides a low-discrepancy experimental
design and ensures that the sample set is more representative of the
population, showing uniformity properties in multidimensions,
unlike Monte Carlo, Latin hypercube, and its variants. It was found
that theHSS technique is at least 3–100 times faster than the LHS and
Monte Carlo techniques and hence is a preferred technique for
uncertainty analysis, as well as for optimization under uncertainty.
Wemodified thisHSS technique and used it in our implementation of
the metamodeling with support vector regression (SVR). Recently,
various applications for robust designs have used HSS [9–11]. The
strength of sequence methods (Halton, Hammersley, Sobol, etc.) is
that they can produce fairly uniform point distributions even though
samples are added one at a time to the parameter space. The one-at-a-
time incremental sampling of these methods enables these methods
to have better efficiency prospects than Latin hypercube sampling
and centroidal Voronoi tessellation (CVT) types of methods in the
area of error estimation and control [12].

We previously attempted a combination of Latin hypercube
sampling and neural-network-based metamodeling for the
conceptual design of the SLV [13–15]. Although neural networks
are well able to approximate very complexmodels, they have the two
disadvantages of 1) being a black-box approach and 2) having a
computationally expensive training process [16].

One of the purposes of this research is to show the potential of a
support vector machine (SVM) metamodeling capability for rapid
design optimization of the SLV. SLVs have stringent orbital
insertion conditions and flight path constraints. It was found that
there is extreme complexity and strong coupling between the SLV
flight trajectory and its overall system design. Simultaneous
trajectory, aerodynamics, and propulsion system (including the
propellant grain shape of solid-rocket-motor optimization) are some
of the most important characteristics of the optimization problem in
this paper.

Efficient Design of Experiments

The goal of DOE is to extract as much information as possible
from a limited set of laboratory or computer experiments. To
efficiently explore high-dimensional design space, the experimental
designs should have the following desirable characteristics [17]:
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1) approximate orthogonality of the input variables; 2) space filling,
that is, the collection of experimental cases should be a representative
subset of the points in the hypercube of explanatory variables;
3) ability to examine many variables efficiently; 4) flexibility in
analyzing and estimating as many effects, interactions, and
thresholds as possible; 5) requiring minimal a priori assumptions on
the response; and 6) ease in generating the design.

Space filling or uniformity is a well-recognized property for
several applications such as point placement for response surfaces
(metamodeling) and sampling over the integration domain for
statistical integration of function and even for irregular (non-
hypercube) interpolation. Such space-filling (uniformity) measure is
conceptually simple and intuitive on a qualitative level. The
quantitative aspects of uniformity involve 1) the quality with which
points are spaced relative to one another in the parameter space (are
they all nominally the same distance from one another?) and
2) uniformity of point density over the entire domain of the parameter
space (i.e., uniform coverage of the whole domain by the set of
points, not just good uniformity within certain regions of the space).
Achieving high sampling uniformity over the generic domain is an
area of active research. Much effort has been applied to the problem
of achieving uniform placement ofN samples overM dimensions by
modifying Monte Carlo sampling (quasi Monte Carlo), Latin
hypercube sampling (distributed hypercube sampling, improved
hypercube sampling, and optimal symmetric), Halton and
Hammersley sampling, and CVT.

The purpose of theDOE is to gain informationwith the least effort,
so that valid conclusions may be drawn. From a mathematical/
statistical perspective, the purpose of DOE is to determine if various
factors affect some response and to build models relating the
response to the factors. Interaction means that the effects of one
factor may often depend on the levels of another. In a well-designed
(orthogonal) experiment, we can completely separate the effects of
the factors. If the design is not orthogonal, the effect of the factors
cannot be completely separated. Thus, orthogonal designs avoid
undesirable feature interaction. Intuitively, it should be clear that one
can extract the maximum amount of information regarding
dependent variables from the experimental region (the region defined
by the settings of the factor levels) if all factor effects are orthogonal
to each other. If it is known in advance that factors of interest have
negligible interaction between factors, then only space-filling
(uniform) designs are desirable; otherwise (in most of the cases),
orthogonal designs are desirable. A number of standardmeasures are
used to summarize the efficiency of a design. D efficiency (D
optimal) andA efficiency (A optimal) also reflect the orthogonality in
the design. A-optimal andD-optimal designs are highly computing-
intensive, especially for high-dimensional problems.

In short, the space filling (uniformity) and orthogonality are the
two most important desirable properties in most of the cases. Two
measures are used to assess the orthogonality of a design matrix.
These measures are the maximum pairwise correlation and singular-
valued-decomposition (SVD) condition number. The use of both
measures provides a better ability to differentiate between the
orthogonality of candidate designs. There are also twomeasures used
to assess the space filling of a design matrix. These measures are the
Euclidean maximum minimum distance between design points and,
from uniform design theory, the modifiedL2 discrepancy. The use of
both measures provides a better ability to differentiate between the
space-filling properties of candidate designs.

We propose a novel Latinized nearly orthogonal Hammersley
sequence sampling (LNOHSS) technique. This approach provides
better orthogonality and uniformity properties than other modern
DOE techniques and, as a consequence, reduces the number of
samples required to create effective metamodels.

Hammersley Sequence Sampling

Reference [18] gives the algorithm and pseudocode of HSS and
compares the HSS andMC sampling. The algorithm that generates a
set of N Hammersley points makes use of the radix-R notation of an
integer. That is, a specific integer p in radix-R notation can be

represented as

p� pmpm�1 . . .p2p1p0

p� p0 � p1R� p2R
2 � . . .� pmRm

(1)

where m� 	logRp
 � 	�ln p�=�ln R�
, and the square brackets
denote the integer portion of the number inside the brackets. The
inverse-radix-number function constructs a unique number on the
interval [0,1] by reversing the order of the digits of p around the
decimal point. The inverse-radix-number function is

��p� � 0 � p1p2 . . .pm

��p� � p0R
�1 � p1R

�2 � . . .� pmR�m�1
(2)

Finally, the Hammersley sequence of M-dimensional points is
generated as

xM�p� �
�
p

N
; ’R1
�p�; ’R2

�p�; . . . ; ’Rm�1�p�
�

(3)

where p� 0; 1; 2; . . . ; N � 1; and the values for R1; R2; . . . ; Rm�1
are the firstM � 1 prime numbers 2, 3, 5, 7, 11, 13, 17, 19; ::: . This
approach generates a set of N points in the M-dimensional design
space 	0; 1
M.

Measure of Orthogonality

Anorthogonal design is desirable because it ensures independence
among the coefficient estimates in a regressionmodel. Orthogonality
enhances our ability to analyze and estimate as many effects,
interactions, and jump discontinuities as possible. Reference [7]
constructed OLH to enhance the utility of Latin hypercube designs
for regression analysis. In that OLH, every pair of columns has zero
correlation, the elementwise square of each column has zero
correlation with all other columns, and the elementwise product of
every two columns has zero correlationwith all other columns. These
properties “ensure the independence of estimates of [the] linear effect
of each variable” and the “estimates of the quadratic effects and
bilinear interaction effects are uncorrelated with the estimates of the
linear effect.”

Two measures are used to assess the degree of orthogonality. One
measure is the maximum pairwise correlation � of the column of a
design matrix. The maximum pairwise correlation between two
vectors, �� 	�1; �2; . . . ; �M
T and w� 	w1; w2; . . . ; wM
T , is found
by calculating the absolute value of Eq. (4) for all pairs of column
vectors in the designmatrix and then selecting themaximum of these
values. A value of 0 is best (signaling orthogonality), and a value of 1
is worst (indicating that at least one column is a linear combination of
the remaining columns).P

M
i�1	�vi � �v��wi � �w�
��������������������������������������������������������������P

M
i�1�vi � �v�2

P
M
i�1�wi � �w�2

p (4)

The second measure of orthogonality is a condition number of
XTX. The condition number is commonly used in linear algebra
applications to examine the sensitivities of a linear system.
Additionally, it can reveal the orthogonality of the proposed design
matrix. A companion condition number is used in this researchwork,
as shown in Eq. (5), generated from the SVD, defined using the 2-
norm of the design matrix [17]. An orthogonal design matrix has a
condition number of 1. A nonorthogonal design matrix has a
condition number greater than 1.

cond 2�XTX� �
 1

 n
(5)

Measure of Space Filling

Reference [19] defines a uniform design as a design “that allocates
experimental points [that are] uniformly scattered on the domain”
and classifies uniform designs as space-filling designs. Such designs
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are not concentrated in clusters or solely at corner points of the
regions and thus provide coverage of the entire experimental region,
and this facilitates broad exploration of the model. The modified L2

discrepancy (ML2, shown next) is used to measure space filling [19].
Given two designs, the design with a smallerML2 discrepancy has
better space-filling properties.

ML2 �
�
4

3

�
k

� 21�k

n

Xn
d�1

Yk
i�1

�
3 � x2di

�

� 1

n2

Xn
d�1

Xn
j�1

Yk
i�1
	2 �max�xdi; xji�
 (6)

The secondmeasure used in assessing space-filling properties of a
design is the Euclidean maximin distance [17]. For a given design;
define a distance list d� �d1; d2; . . . ; d	n�n�1�
=2�, where the elements
of d are the Euclidean intersite distance of the n design points,
ordered from smallest to largest. The Euclidean maximin distance is
defined as d1, for which a larger value is better. A larger value of d1
means that no two points are close to (within d1 of) each other.

Development of New Experimental Designs

The HSS is more volumetrically uniform than the LHS set; the
LHS points project more uniformly onto the coordinate axes. The
projection of standardHSSwill be improved by adopting the uniform
projection onto the coordinate axes, just as with LHS. Thus, the new
experimental design is termed as Latinized because it borrows this
feature from LHS. Therefore, Latinized means hybridization of HSS
and LHS, to have both lower discrepancy and higher volumetric
uniformity (space filling).

A sequence of steps is devised that lead to an effective tradeoff
between the concepts of near-orthogonality and space filling. This
activity is not computer-intensive, and designs are created
effectively. The general plan is to follow the main steps given in
[7,17] with some modifications (applied to Hammersley sequence
sampling instead of the Latin hypercube). The designs are
constructed by adopting a few steps from current algorithms [7,17]
(followed in our steps 4–10). We expanded on the number of
variables that these designs can have through newly proposed
steps 1–3. By doing this, one is able to significantly increase the
number of variables that can be examined within a fixed number of
runs (see Table 1). The number of runs required by [7,17] increases
nonlinearly as the number of factors increases; however, in our
designs, the number of runs only increases linearly. Thus, our
proposed experimental designs are extremely useful for high-
dimensional problems. The proposed algorithm generalizes for any
arbitrary number of variables.

The difference in the number of variables examined in the
LNOHSS and other similar designs grows dramatically as the
number of variables to be explored increases. For example, the
approach in [7] requires 4907 runs and [17] requires 129 runs to build
an OLHC for 22 variables. The new LNOHSS designs require only
49 runs to examine 22 variables and are thus capable of examining
many more variables than can other designs, while maintaining
orthogonality.

The algorithm for creating a LNOHSS is summarized as follows:
Step 1) Determine the number of factors k, where k is an integer

greater than two and k exists only if rem�k; 4� � 0 and only for the
cases in which k, k=12, or k=20 is a power of 2. If the number of

variables is other than 4, 8, 12, 16, 20, 24, 32, 40, 48, 64; :::; then
round the required number of variables up to the nearest one of these
numbers. Also determine the total number of levels n for each
variable as n� 2k� 1.

Step 2) Generate a HSS (design matrix) by first using k � 1 prime
numbers in Eq. (3).

Step 3) Construct matrixM byLatinizing theHSS; that is, for each
coordinate direction k, simply sort the points by that coordinate, and
then overwrite the original values by the values 1=�2 � N�;
3=�2 � N�; . . . :; �2 � N � 1�=�2 � N�. Our hope is that the process
of adjusting the point coordinates does not too severely damage the
nice dispersion properties inherent in the HSS point placement. A
Latinized HSS attempts to achieve good dispersion in two opposing
senses: first in the Latin hypercube sense (which considers each
dimension separately) and second in the HSS sense, which considers
dispersion in the original high-dimensional space.

Step 4) Construct matrix S from the Hadamard matrix of size k.
Hadamard matrices are matrices of 1 and �1 for which the columns
are orthogonal (H0 �H � n � I). A k-by-k Hadamard matrix with
k > 2 exists only if rem�k; 4� � 0. The Hadamard function in
MATLAB handles only the cases in which k, k=12, or k=20 is a
power of 2.

Step 5) Construct matrix T as an element-by-element product of
the matricesM and S. The orthogonal design matrix is completed by
augmenting T with its mirror image and center point row of zeros
(appending below the original T).

Step 6) Calculate the pairwise correlations and condition number.
Step 7) Improve the orthogonality of the design matrix by the

following procedure: Each column element of the design is replaced
with the element’s rank (1; 2; . . . ; n) within one column. Consider
only those realizations of W for which C is positive definite. The
basic idea is to transform W into a set of uncorrelated variates. A
Cholesky factorization scheme is used to determine Q. Then let
D�Q�1 and C�QQT such that D has the property DCDT � I.
The original W is then transformed into a new matrix, WB (n � k
matrix), usingWB �WDT . The elements in each column of matrix
WB are replaced by their rank order (1; 2; . . . ; n). Repeat this process
(step 7 only) until there is no further decrease in the maximum
pairwise correlation. Finally, to reconstruct the design matrix, the
ordered ranks in the finalW are then mapped back into the original
input-variable values.

Step 8) Calculate the maximin distance andML2 discrepancy for
the design matrix.

Step 9) If a number of variables other than 4, 8, 12, 16, 20, 24, 32,
40, 48, 64; ::: is required, construct each of the possible combination
of columns (having the appropriate number of desired variables) and
calculate the maximin distance and ML2 discrepancy. Choose the
design with the minimal rank sum over the two measures. The
purpose is to remove the worst columns.

Step 10) Additional design points can also be generated from the
original designmatrix such that near-orthogonality ismaintained and
space filling is improved. The original design matrix has its column
permuted. This permuted design matrix is then appended vertically
to the original design matrix containing n runs. The center point run
is redundant and not repeated. Thus, the number of runs is increased
to 2n � 1. The encouraging result is the likely reduction in the
maximum pairwise correlation. Thus, when selecting columns to
permute, it seems wise to emphasize space filling. To find the best
permutation of columns to be appended, calculate the maximin
distance and ML2 discrepancy for each permutation. Rank the
designs according to these measures. Choose the design with the
minimum rank sum over the two measures.

Because the authors are unaware of any published literature on
uniform designs with this number of variables and levels, no
comparison can be made, but the proposed designs does exhibit
excellent orthogonality and space-filling properties. As a means of
comparison, 1000 Latin hypercube with 20 variables, each with 41
levels, are generated and their average orthogonality and space-
filling properties are compared with LNOHSS. The LNOHSS design
is considerably better in all measures than an average Latin
hypercube, as shown in Table 2.

Table 1 Comparison of the number of variables examined by different

methods

Number of
experiments

LNOHSS OLHC ([17]) OLHC ([7]) Percentage
increase

17 8 7 6 14%
33 16 11 8 45%
65 32 16 10 100%
129 64 22 12 191%
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Our proposed LNOHSS is deterministically set and it can be
created offline and tabulated. The LNOHSS experimental design is
mainly noniterative; only step 7 is repeated for improvement of
orthogonality, which quickly converges in a few iterations. Thus, our
designs are easier to generate than the designs of [7,17], because their
designs are nondeterministic and use iterative approaches. They
select the final design after comparing and evaluating an extremely
large possible set of candidate designs. Our resulting designs do have
near-orthogonality and excellent space-filling properties. Finally,
before the experiment, there are no assumptionsmade concerning the
variables.

Step 9 (e.g., the cases in which fewer than 20, but more than 16,
variables are required) is considered next. Each of the possible
combinations of columns from design matrix is examined by
calculating the minimax distance and ML2 discrepancy as the
columns are deleted. Table 3 summarizes the results for the 41-run
casewhen the 17 to 19 variables are desired. Table 3 provides designs
that have good orthogonality and space-filling properties. These
experimental designs are now used to generate effective metamodels
for design optimization of the SLV.

Multidisciplinary Analysis and Design of the SLV

The SLV considered for this study ismade up of three sequentially
staged solid-fueled rocket motors. The mission is to insert a payload
of 500 kg to a circular low Earth orbit (LEO) of 500 km. Table 4
shows the 19 design variables that we have to optimize: geometric
parameters; propulsion parameters, including the grain-shape
parameter; and flight-trajectory parameters. One of the features of
this study is that we also optimize ascent trajectory at the conceptual
design phase.

Figure 1 shows the overall analysis process. If the weight and
volume of payload to orbit and a set of values of design variables are
known, each analysis is conducted sequentially, as exhibited in
Fig. 1. Analysis in this paper refers not only to the calculation of
output values for the following analysis based on the values of design
variables and the input values obtained from the preceding analysis,
but it also refers to the computation of the function values of
constraint conditions, which the variablesmust satisfy. The objective
function of the optimization is to minimize the launch weight. Thus,
we give a performance index under some constraints and define an

optimization problem. The following paragraphs summarize the
analysis methods and constraint conditions in the optimization
problem.

Vehicle Definition

Solid propellant grain is considered for all three sequentially
stacked stages of the SLV. The shape of payload fairing is already
assumed and not optimized. Rocket motors have ellipsoidal dome
ends. Though the number of stages should also be one of the design
variables, in this paper, it is fixed as three. We constrain the flight
performance parameters of themaximumvalue of axial overload and
maximum angle of attack to be below 10 g and 5 deg, respectively.

Propulsion Analysis

The burning surface area of the propellant grainmainly dictates the
performance of the propulsion system in a solid-fuel rocket motor.
Wewere not restricted to a particular shape of grain at the conceptual
design level; rather, a variable ksi is used to represent the Sri of grain
as a function of Li and Di:

ksi �
Sri
LiDi

(7)

The amount of propellant is calculated from the design variables
and propulsion analysis. The burn time and grain-mass-consumption
rate are also calculated:

Trajectory 
Analysis 

Lift, 
Drag 

Vehicle  
Configuration

Mach, Alt

Thrust, Time

Stage
Weights

Vehicle 
 Size 

Propellant

Vehicle
Definition 

Propulsion 
Analysis 

Weight
Analysis 

Aerodynamic 
Analysis 

Constraint Conditions ( )C X

Design Variable X, Payload Weight/Volume 

Fig. 1 Analysis process.

Table 3 Nearly orthogonal designs for fewer than 20 variables derived from �NLHSS
O
�4120

Desired variables Deleted columns Maximum pairwise correlation Condition number ML2 Maximin distance

19 10 0.0267 1-0884 30.1364 2.2478
18 4,19 0.0251 1.0830 19.0732 2.0646
17 1, 13, 14 0.0267 1.0817 12.1043 2.0056

Table 2 Comparison of LNOHSS with Latin hypercube; 20 variables, 41 levels, �NLHSS
O
�4120

Property LNOHSS Latin hypercube (average of 1000) Percent better

Maximum pairwise correlation 0.0267 0.45 94%
Average condition number 1.089 4.59 76%
Maximin distance 2.326 1.15 102%
ML2 discrepancy 47.6 54.9 13.3%

Table 4 Design variables of vehicle configuration,

propulsion and flight trajectory

Variable Description

�pi Propellant mass fraction
Di Diameter of the ith stage motor, m
�g Trajectory shaping factor, deg
pci Chamber pressure of the rocket motor, bar
pei Nozzle-exit-plane pressure, bar
ui Burning rate of the solid propellant, mm=s
ksi Propellant-grain-shape coefficient
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mgni �
	

4
�gni�iLiD

2
i (8)

tki �
	�iDi

4uiksi
(9)

_m gni � �gniuiksiLiDi (10)

Theozzle throat area, expansion ratio, and exit area are calculated
as

At �
�gniuiAb;max

�opc;max

�����������
RcTc

p
(11)

"� �o

�pe=pc�
1
�

����������������������������������������������������
2�=� � 1	1 � �pe=pc�

��1
� 


q (12)

Ae � At" (13)

�o �
���
�
p �2=� � 1�

��1
2���1� (14)

It is recommended to use mass flow rate and specific impulse for
the calculation of thrust:

F1 � Io1spgi _mgi � �po � ph�Ae1 (15)

F2���N � Ivacsp _mgi � phAei (16)

I01sp � �IoaC�Cf and Ivacsp � �IvaC�Cf (17)

C� �
�����������
RcTc
p

�
(18)

Cf � �

�������������������������������������������
2�

� � 1

�
1 �

�
pe
pc

���1
�

�s
� Ae
At

�
pe � pc
pc

�
(19)

The ground impulse efficiency and vacuum impulse efficiency are
taken as

�Ioa � 1:0502� 0:0111 ln dt � 0:0328 ln �

� 0:254Al� 0:00617 ln " (20)

�Iva � 1:949� 0:0122 ln dt � 0:0465 ln � � 0:230Al

� 0:00448 ln "� 0:0153 ln �1 � Rsub� � 0:00842 ln A�

� 0:005 ln Pc � 0:00333 ln Ru (21)

Weight Analysis

The weight analysis computes the component weights of the
rocket motor and their combined gross weight using the geometric
and performance parameters in the design variables; the amount of
propellant is given by the propulsion analysis. The takeoff mass of
the multistage solid launch vehicle is written as the sum of the
weights of grain and structure mass [20].

m0i �m0�i�1� �mgni �mstri (22)

Introducing propellant mass fraction �pi �mgni=m0i as the ratio
of the grain mass of the stage to the takeoff mass of the rocket and

putting it in preceding equation, we get

mgni

�
1

�p
� 1

�
�m0�i�1� �mstri � 0 (23)

The idea is to calculatemgni andmstri as functions of grain length.
This single nonlinear equation with only one unknown variable is
then solved, thus determining the required Lgi. The structure mass
shown in Eq. (24) is composed of component masses. The
expressions for these individual components are given in [15].

mstri �mcyi �mc1i �mc2i �mqi �mj2i �min;c1i

�min;c2i �min;cyi �mnoz;eci �mnoz;shi �mnoz;ini

�migi �mTVCi �mcabi �mapi (24)

Aerodynamic Analysis

The study involves estimating the vehicles’ aerodynamic
properties in the different flowfield regions that the SLV encounters
during atmospheric flight that ranges from subsonic to hypersonic
speeds. The aerodynamic analysis incorporates the U.S. Air Force
Missile DATCOM 1997 (digital). It is capable of quickly and
economically estimating the aerodynamics of a wide variety of
configuration designs, and it has the predictive accuracy suitable for
conceptual and preliminary designs. The trajectory analysis depends
on the aerodynamic analysis; that is, the aerodynamic analysis sends
the trajectory analysis to the results obtained from interpolation of the
values in the tables, and these results are used to compute the flight
trajectories. The approach used in this study is simpler and of lower
fidelity than the latest sophisticated computation methods, but they
are useful in that the aerodynamic analysis, by which the
optimization process computes the aerodynamic characteristics
repeatedly, needs only a short computation time [21].

Trajectory Analysis

This study implements a three-degree-of-freedom trajectory
analysis [22]. State variables are altitude, velocity, flight path angle
#, and mass. The trajectory analysis computes state variables by
integrating equations of motion and examining constraint conditions
during the flight. One of the characteristics in this study is to optimize
the flight trajectory with the other design variables, as already
described. The trajectory analysis, however, must deal with dynamic
variables that are dependent on time, whereas the other design
variables are static and independent of time [23].

The flight trajectory of the SLV is composed of several phases, as
described next. Each stage shuts down, one after another, and
separates to shed inert mass. Because the equations ofmotion change
discontinuously at these shutdown points, the trajectory is divided
into intervals, the number of which corresponds to the number of
stages. Initial and terminal times of the burn intervals are given by the
propulsion analysis.

After vertical launch, the SLV accelerates by the power of thefirst-
stage rocket motor and flies vertically for 5 s before the next phase of
pitchover. The pitchover phase lasts up to the start of the transonic
phase. The angle of attack is constrained to approach zero before the
start of the transonic phase (Mach� 0:8) and remain zero until the
end of the transonic phase (Mach� 1:3). The launch-maneuver
control angle �g is one of the design variables, and it represents the
pitch angle at 40 s. A fourth-order curve is fitted from 90 deg at 5 s to
the launch-maneuver control angle at 40 s. This curve represents the
programmed pitch angle for the launch-maneuver phase.

The powered-ascent phase starts from the end of the transonic
phase up to the shutdown of the first- and second-stage rocket
motors. We constrain the flight path angle of the SLV to decrease
monotonously. At the end of the second stage, the final stage and
payload separates and zooms up, with no thrust in an elliptical orbit,
for which the apogee is 500 km. Finally, an apogee kick puts the
payload into a 500-km circular LEO. The constraint conditions in
these phases are the angle of attack, dynamic pressure, normal
overload, and body axial overload.
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Support-Vector-Regression-Based Metamodeling

The simulation-based design approach may rely heavily on
complex computer analysis and simulation codes such as finite
element analysis and computational fluid dynamic analyses to
improve the product design. These time-consuming and expensive
analyses are repeatedly invoked during the optimization process,
often driving the design exploration and multidisciplinary
optimization execution times to prohibitively long durations. Thus,
metamodels, or approximation of themost time-consuming analysis,
with lower computational requirements are an attractive option.

Any function that represents the trends of a response over the
range of the design variable is called a response surface. A response
surface is the true unknown response trend, and response surface
approximation denotes a user-defined function that models the
response trend. Synonyms for response surface approximation
include model, metamodel, surrogate model, and approximation
model.

The RSM offers a systematic flexible approach for studying the
parameter space efficiently by fitting a polynomial to system output.
For complex systems with a large number of design variables, the
RSMhas limited applications. Artificial neural networks (ANNs) are
considered as universal approximators, but they have a computa-
tionally expensive training process and they may be trapped in local
optima, resulting in poorly trained networks. A kriging model
consists of two parts: The first part, global behavior, is typically a
linear regression model. The second part, the local contribution, is a
statistical process that takes into account the covariance among
sampled points within the immediate neighborhood. Because the
global term is a linear regression approach, it requires a model to be
preassumed, which is an inherent potential drawback. Selection of
the size of neighborhood for the second part is also an issue. RSM,
neural networks, and kriging have a curse of dimensionality.

This research investigates the potential of SVR for complex and
high-dimensional metamodels such as most time-consuming
trajectory analysis modules in SLV design. In the last section, we
compared the performance of the SVM and ANNs. Reference [24]
reviewed computational theory behind the SVM and its
approximation is compared against the four metamodeling
techniques (response surface methodology, kriging, radial basis
functions, and multivariate adaptive regression splines) using a
testbed of 26 engineering analysis functions.

Several representative low-fidelity analysis mare integrated in our
approach. The final results are, of course, only as good as the
supporting analysis code. These analysis modules are primarily
nonlinear in nature and can be replaced by high-fidelity codes. Our
proposed methodology can also handle these high-fidelity codes in
the same manner. Our proposed method is capable of capturing
nonlinearity in high-dimensional problems. In the next section, a
trajectory metamodel using the support vector machine is developed
to replace the most time-consuming trajectory analysis module. The
trajectory analysis module uses a set of differential equations that are
solved forwholeflight duration for each candidate design. Trajectory
optimization at the system design level is one of the significant
features of this work.

Support Vector Machine

The SVM is a principled and very powerfulmethod that, in the few
years since its introduction, has already outperformed most other
systems in a wide variety of applications.

The SVM features machine learning that stems from the statistical
learning theory (SLT) framework and has proven successful in many
realworld problems. The performance ofmodel is proportional to the
performance on the actual experimental data, but weighted by a
complexity term (e.g., the number of parameters of the model). The
SLT provides a quantitative value for this complexity term and
therefore allows one to effectively balance the complexity of the
modelwith its ability to correctlyfit the data. Themain features of the
method are sketched in the following, and the underlying theory and
details can be found in [25].

Given a training set of instance-label pairs �xi; yi�, i� 1 � � � l,
where xi 2 Rn and yf1;�1gl, the SVM requires the solution of the
following optimization problem:

min
w;b;


1

2
wTw� C

Xl
i�1


i

�
yi�wT��xi� � b� � 1 � 
i

i � 0

(25)

where training vectors xi are mapped into a higher (may be infinite)
dimensional space by the function �. Then the SVM finds linear
separating hyperplanes with the maximal margin in this higher
dimensional space. C > 0 is the penalty parameter of the error term.
Furthermore, K�xi; xj� � ��xi�T��xj� is called the kernel function.
The four basic kernels are linear K�xi; xj� � xTi xj; polynomial
K�xi; xj� � ��xTi xj � r�d, � > 0; radial basis function (RBF)
K�xi; xj� � exp���kxi�xjk2�, � > 0; and sigmoid kernel
K�xi; xj� � tanh��xTi xj � r�.

The problem is cast into a constrained quadratic programming
problem that has one minimum that can be found in polynomial time
if a positive definite kernel is used. This is a craved peculiarity that
favors the method with respect to the classical ANNs. In fact, the
ANN is plagued by local minima. One of the main features of the
method is that the solution of the optimization problem leads to a
sparse representation of the solution with respect to the kernel basis.
Only someof theweights realizing theminimumare nonzero, and the
related data points are called the support vectors.

The architecture of the system does not have to be determined
before training. Input data of any arbitrary dimensionality can be
treated with only linear cost in the number of input dimensions. A
unique solution is found after training as a solution of the quadratic
programming problem. Capacity can be controlled effectively
through the regularization functional.

Support Vector Regression (� � SVR)

SVR is a particular implementation of SVM. Given a set of data
points f�x1; z1�; . . . ; �xl; zl�g such that xi 2 Rn is an input and zi 2
R1 is a target output, use � to control the number of support vectors.
The primal form of support vector regression is

min
w;b;
;
�;"

1

2
wTw� C

�
�"� 1

l

Xl
i�1
�
i � 
�i �

�

�

8><
>:
�wT��xi� � b� � zi � "� 
i
zi � �wT��xi� � b� � "� 
�i

i; 


�
i � 0; i� 1; . . . ; l; " � 0

(26)

The dual problem solved is shown in Eq. (27), and the
approximate function is given in Eq. (28):

Table 5 MAE and MSE of metamodels trained with 656 samples of LNOHSS

Tuning parameters Performance

Metamodels Training samples C �RBF � MAE MSE

Final velocity 36 .5 0.58 0.0462 0.0133
Final height 656 500 5 0.8 0.007 0.0005
Axial overload (maximum) 130 5 0.8 0.0187 0.0088
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Fig. 2 Trajectory analysis metamodel testing (1000 random validation samples).
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Fig. 3 Trajectory metamodel using LNOHSS sampling and SVM regression.
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Fig. 4 Trajectory metamodel using Latin hypercube sampling and SVM regression.
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Fig. 5 Trajectory metamodel using LNOHSS sampling and ANN regression.
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min
�;��

1

2
�� � ���TQ�� � ���

� zT�� � ���
�
eT�� � ��� � 0; eT�� � ��� � Cl�
0 � �i; ��i � C; i� 1; . . . l

(27)

Xl
i�1
���i � ��i �K�xi; x� � b (28)

Analysis Metamodels and Their Validity

The LIBSVM library for the support vector machine is used in this
research work.§ The procedure adopted is as follows:

1) Scale training, validation, and testing data to the range 	�1; 1
.
2) Consider the RBF kernel K�x; y� � e��kx�yk2 .
3) Form a grid from a range of C, �, and �.
4) Train SVM using values of C, �, and � from the grid.
5) Test SVMusing testing data andmeasure the mean square error

(MSE) and maximum absolute error (MAE).

Table 6 Comparison of sampling and metamodeling strategy

Case 1 Case 2 Case 3
LNOHSS sampling SVM

metamodels
LHS sampling SVM

metamodels
LNOHSS sampling ANN

metamodels
Metamodels Training samples MAE MSE MAE MSE MAE MSE

Final velocity 0.08166 0.02984 0.1188 0.0567 0.0466 0.0174
Final height 41 0.0619 0.0112 0.08802 0.01478 0.0787 0.0103
Axial overload (maximum) 0.07202 0.03273 0.0863 0.0436 0.0610 0.0287
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Fig. 7 History of GA convergence with and without the SVR metamodel.
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Fig. 6 Flowchart of the data flow and optimization approach.

§Data available online at http://www.csie.ntu.edu.tw/~cjlin/libsvm
[retrieved 27 June 2006]
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6) Retrain SVM with all combination of parameters (i.e., grid
search).

7) Use the best parameters C, �, and � (corresponding to the
minimum MSE and MAE).

The range of tuning parameters used are C� 2�5; 2�3; . . . ; 215,
� � 2�15; 2�13; . . . ; 23, and �� 0; . . . ; 1. A two-level grid search,
from coarse to fine, is adopted in this study. Three separate
metamodels of final velocity, final height, and axial overload are
generated using support vector regression. The SVMs are trained
with experimental designs based on the LNOHSS generated earlier.
One thousand randomly generated validation data points are
collected to assess the accuracy of eachmetamodel over the region of
interest. For each set of validation points, the MAE and MSE are
computed. TheMSEprovides good estimates of the global error over
the regions of interest. The MAE gives a good estimate of the local
error by measuring the worst error within the region of interest, in
which a good approximation will have low MSE and low MAE
values.

The performance of these metamodels is validated by 1000
randomly generated samples, and the correspondingMAE andMSE
are calculated. The trajectory metamodel used in optimization is
trained with 656 samples of the LNOHSS. The resulting MAE and
MSE of this metamodel are shown in Table 5 and the performance is
plotted in Fig. 2.

A comparison is made between the LNOHSS and LHS for
sampling effectiveness, and the SVR and ANN are compared for
metamodel effectiveness. Three cases are developed: 1) LNOHSS
sampling with the SVR metamodel, 2) LHS sampling with the SVR
metamodel, and 3) LNOHSS sampling with the ANN metamodel.
These cases are shown in Figs. 3–5 and are compared in Table 6.
Sample size for training in all cases is fixed as 41 to judge the
difference at a lower number of runs.

Cases 1 and 2 can be compared for sampling efficiency; they show
that the proposed LNOHSS performs better than the LHS. Cases 1
and 3 can be compared for metamodeling effectiveness and they
show that the performance of the SVM is consistent. As anticipated,
earlier ANN metamodels may be trapped in the local optimum, just
as for the final height metamodel of case 3.

Optimization and Results

Optimization Using Hybrid Genetic Algorithm

The overall data flow and optimization approach is shown in
Fig. 6. The user defines the overall requirement and identifies the
design parameters. Experiments (or simulations) are designed in
stage A (design of experiment) using the proposed LNOHSS to get

the most accurate metamodel with the minimum sampling. Based on
the experimental specifications, designers perform experiments or
simulations and get the result data in stage B (simulation programs).
In stage C (support vector regression), designers build an
approximation metamodel based on the obtained training data.
Stage D [genetic algorithm (GA)] performs global optimization and
identifies a near-optimal guess. The GA calls SVR metamodels of
trajectory for fitness evaluation instead of actual trajectory analysis.
Stage E [sequential quadratic programming (SQP)] performs local
optimization, starting with the provided near-optimal guess; it calls
actual analyses and identifies the optimal SLV.

The total gross weight of the SLV with a payload is defined as the
objective function to be minimized. Training data for SVR are
generated by 656 samples of the LNOHSS. One thousand randomly
generated validation samples are used to evaluate the performance of
SVR metamodels. The GA uses a population size of 200 and the
maximum number of generations to be evolved is 100.

The convergence history of optimization with and without using
metamodels is shown in Fig. 7 as two curves representing the average
of five runs of each strategy. Each optimization run of hybrid GA is
seeded with a different nine-digit random number. The elite solution
at the 20,000 function count (200 population size times 100
generations) is passed on to SQP as the near-optimal guess. The SQP
then performs local convergence to identify theminimummass SLV.
The number of exact function evaluations is compared in Tables 7
and 8.

Table 7 Comparison of function counts with the SVR metamodel

GA using SVR metamodel and SQP using exact analysis

Run Function count
in SVM training

GA function
count

SQP function
count

Optimal solution,
Mg

226 33:2
410 32:5

1 656 nil 227 33:3
240 33:6
246 33:5

Table 8 Comparison of function counts without the SVR metamodel

Solutions from GA and SQP using exact analysis

Run GA function count SQP function count Total function count Optimal solution, Mg

1 20,000 1307 21,307 34:5
2 20,000 691 20,691 32:7
3 20,000 918 20,918 32:5
4 20,000 1033 21,033 32:6
5 20,000 419 20,419 32:7

Table 9 Optimal design variables

Design variables Stage 1 Stage 2 Stage 3

Propellant mass fraction �pi 0.68 0.68 0.68
Stage diameter, m Di 1.3 0.6 0.7
Trajectory control angle, deg �g 63.7 - -
Chamber pressure, bar pci 55 41.6 34.3
Nozzle-exit-plane pressure, bar pei 0.53 0.25 0.19
Burning rate, mm=s ui 6.2 7 6.5
Grain-shape parameter ksi 1.67 1.63 1.53

Table 10 Specifications of the optimal SLV

Characteristic Stage 1 Stage 2 Stage 3

Stage diameter, m 1.3 0.9 0.7
Grain length, m 10.3 5.5 2.4
Gross weight, Mg 32:5 8.5 2.1
Propellant weight, Mg 22.1 5.7 1.4
Propellant rate, kg=s 249 103 29
Thrust, kN 585 285 79
Nozzle exit diameter, m 1.1 1.1 0.6
Throat diameter, m 0.30 0.22 0.13
Velocity, km=s 2.3 5.2 7.61
Height, km 43 127 500
Flight path angle, deg 30 23
Angle of attack (max), deg 5.0 0 0
Axial overload, g 6.7 10.7 12
Burn time, s 89 56 49
Specific impulse, s 239 282vac 274vac

Weight-to-thrust ratio, �o 0.54 0.29 0.26
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Optimal Solution

The reported results in this section are obtained using the proposed
optimization approach using LNOHSS training sets, SVR-based
trajectory metamodels, and hybrid optimization employing GA and
SQP. Table 9 shows the 19 optimized design variables. Most of the
optimized design variables lie between their upper and lower bounds.
Table 10 gives the specifications of the optimal SLV, including the
propulsion and trajectory parameters. The stagewise weight
distribution is also shown here. Required velocity and height are
perfectly achieved byGA, andfinal-stage axial overload and angle of
attack are at their maximum constraint limits. Figure 8 shows the
flight performance and optimal trajectory. The optimal-angle-of-
attack profile during the launch maneuver is also shown in the same
figure.

Conclusions

This study reveals that a combination of a novel design of
experiment based on Latinized nearly orthogonal Hammersley
sequence sampling and support-vector-regression-based metamod-
eling is well suited for integrated design of multistage space launch
vehicle systems consisting of flight dynamics, propulsion,
aerodynamics, and structure. The proposed scheme provides
LNOHSS designs that sample across a representation of the entire
experimental region in a reasonable number of runs, even for high-
dimensional space, and the designs are both nearly orthogonal and
have good space-filling properties. Support vector regression proves
to be computationally economical due to optimal training
methodology, even for high-dimensional space, and requires very
few parameters to be tuned. This work showed that an all-at-once
design process, controlled by computational intelligence tools, is not
only possible, but much more efficient than iteratively designing
each subsystem component into a workable package. Through this

study, it was confirmed that the proposed sampling methodology is
efficient and that the metamodeling-driven integrated design and
optimization method is effective.
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